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On the basis of the Laplace transform method, an asymptotic method is proposed for ex-
posing the location and intensity of frontal discontinuities of the solution of a tinear se-
cond order one-dimensional hyperbolic equation or system of such equations in problems
for which the right side of the equation or system has the character of a pressure wave
being propagated with decreasing velocity exceeding, at some initial state of the motion,
the velocity of wave propagation described by an appropriate homogeneous equation or
system of homogeneous equations. At the beginning, the method is elucidated with an
example of a second order equation (plane strain of a membrane), and is then generalised
for a system of sixth order equations which describes plane and axisymmetric strain wave
processes in elastic shells to the accuracy of a Timoshenko-type theory, The method
does not take into account the reverse influence of strain on the wave,

Just as in the foundation work of Alumiae [1] devoted to the particular case of a spher-
ical shell subjected to a plane pressure wave, the proposed method utilizes the fact that
transverse sections in which the decreasing velocity of the pressure wave becomes equal
to the velocity (or one of the velocities) of strain wave propagation, are saddle points for
the integrals to be evaluated in the Laplace transform space, The asymptotic of the type
in [1] is based sufficiently far from the transverse sections defining the saddle points;
the proposed asymptotic, however, is intended primarily for the neighborhood of these
transverse sections, and simultaneously yields acceptable results sufficiently far away,
There exist particular cases for which the proposed method yields an exact solution for
the whole wave process, ’

The proposed asymptotic formulas have a structure convenient for the construction of
particular solutions transposing the strongest discontinuities of the solution, where the
remaining part of the solution can be found numerically by a mesh method just as strain
wave processes of slabs and shells subjected to edge loading have been studied in [2— 5],
Asymptotic formulas of the type in [1] are not suitable for this purpose,

1, Asymptotic method and its application in the one-dimen-
sional wave equation case, Let the prime denote differentiation with respect
to the dimensionless coordinate § and the dot — with respect to the dimensionless time
T. Let us consider the elucidation of the location and intensity of discontinuities in the
solution of the equation Wy = p (1-1)

under the following side conditions:

a) zero initial conditions are given for T = 0;

b) a boundary condition or a symmetry condition is given for § == 0, and the
condition u — 0 for £ — oo,

c) the function ¢ (&, 1) is symmetric relative to the point £ = 0, and is a pres-
sure-wave type effect whose front (Fig. 1) is given by the equation

T=p (%) (1.2)
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where p (E) satisfies the conditions
<1 for 0CE<TE,
p(0) =0, j¢3) l=1 for £=Ei, P E >0 (1.3)
>1 for £>E,
By virtue of the mentioned conditions it is sufficient to 1limit the analysis to the
domain § > 0.

The formulated mathematical problem can be inter-

—~

§' preted physically as a problem to analyze the plane

& wave process of membrane strain under the effect of

4,,3 '\ a pressure wave or as the problem formulated for a
jc.’ rod in an appropriate way.

%

Let us define the Laplace transform by means of the

for ©
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Utilizing condition (a), we obtain from (1.1)

Fig. 1 U" — s2U = Q (1.5)

We seek the solution of this equation as
U = ZAJea +ZDJ (Ay = —5, Ag =) (1.6)

= £

I®=FLE,  LE =T Q@ds (1.7)

0
The first sum in (1, 6) represents the general solution of the homogeneous equation

(1. 5), and the second sum is the particular solution of the inhomogeneous equation(1.5).
Substituting the particular solution, and taking account of the differentiation formulas

J]' == }\.j]j + Q’ J]'” = }"J'2j,]' + }"JQ + QI (18)
we have 1
D1:—D2=—§ (1.9)

Utilizing the second of conditions (b), we obtain
Ay (8) = —D; (s)I; (o0) (1.10)
Let us examine the calculation of 4, () in two cases of the first of conditions (b),
Problem 1, Let u (0, 1) = 0, then U (0, s) = 0, from which follows
1
— A1 (8) = Ay (s) = — 5 [z (o) (1.11)
Problem 2. Let ¥/(0, t) = O,then I’ (0, s) = 0, from which follows
1
Ay (s) = A3 (s) = — 55 T2 () (1.12)
To elucidate the location and intensity of the discontinuities & let us seek the asymp-

totic approximation of U for § — oo, As the first step, let us calculate the asymptotic
values of the integrals .J; (§) as § = 0o . We hence assume that Q has the structure
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Q = s7n G (E)e~*P® (n=2,34,..) (1.13)
and we formally extend G (), p (&) symmetrically in the domain & <C 0 so that
G (—8) =G (§), p(=8=p(@® (1.14)
Let us represent the integrals I (§) as
£

LE = (6 @) e ™i®dz, gE) =p@) +Bs?+>0 (145)

a
Here the constant & is selected so that the condition

@Q; (§;) = 0 (identically for j=1,2) (1.16)
would be satisfied,
The quantities §; = — &y, E; > 0 are here defined from the conditions

o/ (&) =0 (=12 (1.47)
E=bif pP®R=1 E=& if pPE=—1 (118

The exponential integrands in (1, 15) have a stationary value at the saddle points
E = E;, respectively. Hence, to evaluate the I () as s — oo it is natural to utilize
partially the idea of the method of steepest descent,

Let us represent the integrals (1. 15) as the sum of two integrals over intervals contain-
ing the saddle point when the saddle point is outside the domain of integration, and let
us introduce the new integration variable

z =1z (z) =V sq; (z) sign (z—§;) (1.19)
when j =1, j = 2,respectively; then it is easy to give a foundation for the follow-
ing formula: 28

so that

L) =é"s 2 ,é)(cif_?_ﬁﬁydz G=1,2) (1.20)
The radicals are here taken with a plus sign
;0 =pO0)y+b=10 (1.21)
Utilizing the idea of the method of steepest descent in the integrand of (1, 20), we
assume G =GE)
Ve @) = (Ve &) +E—E) e/ &) +hE—5re &) =%V 212(3;))

We hence have _
I;B) = N (@ [Vse, ) sign(§ —&)] + @ [Vsbsign(E)])  (1.23)
where @ () is the probability integral and

N = MebssnsD), M=~GE)V /w0 &) (1.24)
Taking into account the relationships
1 — @ (z) = erfc (z), eric (—z) = 2 — erfc (z)

we represent (1, 23) in the expanded form
I3 (8) =~ N {erfc [V sqq (E)] —erfe [V/sB])  for O0KE<CE
I, (8=~ N (2 —erfc[V s (§)] —erfc[Vsb]} for §>E8  (1.25)
I, (§) = N {erfc [V sb] — erfc [V sy (B)]}  for 0 <&
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To the same accuracy as the calculations in (1. 11) and (1. 12)
I, (o) = Nerfc[y sb] (1.26)

Taking the above into account, we have the following transform solutions for Problems
1land2;
U= YgMs """ (2T e-50F (sb) — eP@) [E (sp,) + E (s9)1}  for £<<Er (1.27)
U =1yMs™ " 2T (sb) + e 0@ [ E (s91) — E(s93)] — 25e®24} for € >

E (sy) = s ey erfc (V sy)
Here T' = 1 in the case of Problem1,and T = 0 for the case of Problem 2,
The following inversion formulas as known [6]:

- H(t—7Y)
S"{E — 1 .28
rE sy~ Vat+y—1) (1.25)
- ame8)gs(0-8) > p (T — § 4 b)Y DH (v — § 4 b) (1.29)
T o Ye(m1)
st E (sy) — rH (t —7) § & TV:?%?:") dt  (1.30)
Y

&
! for m=1,3,5,...

= fhm+ I

r= e _[(m+2>]! for m4+2=0,2,4,...
(m+2) ¥V 2
which allow finding discontinuities of the desired solution by means of the asymptotic
formulas of (1.27) as § — oo,

Note 1.1, In the general case (1.23)—(1,27) are approximate because of (1, 22).
However, if G (E) = const , and p (§) is a quadratic polynomial, they will then be exact,
Note 1.2, If G (&) andp (§)are such that simplifications of (1, 22) become roughly
approximate in domains | £ — §;|3> 1, then it may turn out to be expedient to use the
following standard formulas of the method of steepest descent in the domains mentioned

r

{71: I (8) = 81 () for 0<CE<E
L(E)="51(8) + V¥V 2n/p” (1) G (E1) e®s™ 2D o1 £>¢, (1.31)

I, ) =8, (§) for 0 <§

G(0) G ) ;
S;= - — ¢~s[PER(-1) E]1 ~1/s(n+2)
4 {p'<0>+(—1>f PE+(—1) } . (1.32)

Similar formulas have been utilized in [1], Besides (1, 31) and (1, 32) not being appli-
cable in the neighborhood of the point &= §,, their disadvantage is that they are prac-
tically inapplicable for extraction of the particular solution transposing the fundamental
discontinuities of the solution because the second member in §; will be infinite at £ = §;.

2, Numerical examples for the case admitting an exact solu-
tion, Let us consider the case ¢z o) p (v — g,22) (2.1)

for which G (§) = 1, p (£) = k&? in the notation of Sect, 1, and (1, 27) is the exact
transform of the solution of Problems 1, 2, Hence
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1 n 2

ToE. m=2 b=gr, a@=k{i—g) . BEO=k(E+z)
Utilizing (1. 28)~ (1, 30) we obtain the exact solution
= 3;.Er'/-ﬂ(r,m(r—%k;)-;w[,o,—;—_.-r"'——-i—(f—ﬁ)——i%,%]ﬂ(f—i)-i-
et Ll o)k oo
+p (e )nr el ) — (z+—m) b —pe
(= —t+ 5. n=r+a+,1+,o)

M=

Here H (7) is the Heaviside function, and 7 = 1 in the case of the boundary condition
u (0,%) = 0 (Problem 1), and T = 0 in the case of the boundary condition u’ (0, 1) = 0
(Problem 2),

Differentiation of (2, 2) with respect to v easily yields formulas for the dimensionless
velocity and acceleration

w=— Vil?o' 'r’l/'H('rl)H(-r——Zi—o) + T(ﬁ-ﬁ/’— %,;;)H(T—EH—
Gve(l-rr -] —) + ) me—pen o
=y T E (v k) + I E -0+ ed)

+ Z%;_o- (r;’ﬁ [—- 14 2H (-r - &)] - r;”') H[t—p(E)]

Numerical results for the case ko = 1 are presented in Figs, 2 — 4, in which the dashed
lines correspond to Problem 1, and the solid lines to Problem 2, Equilevel lines u are

Tl X =Y v NI
}-"—#r/‘ .//Q“' " ’\l ,:\
10 3\’/ //h y Pl ,I & “/A}
N / I
muid /// - //’
— A 0 | f
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+
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=02
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Fig. 2 Fig. 3

~
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shown in Fig, 2, and equilevel lines v’ in Fig, 3, Shown in Fig, 4 is the change in u” with
respect to § fort = 2.5,In the domain between the fronts T, = 0 and 7 = g the values
of u and »™ for Problems 1 and 2 agree,
! Let us comment on u” and the fronts:
r=2.5 on the front ©T = § we have u” = — T}
on the front v = p (§) the amplitude of
u” increases from w”(0)= —1 to
u” (1/2kg) = — 20 for 0 K E <1/ 2k,
and decreases rapidly from the initial
value u"(1/2kg) = — o< for £ > 1/2ky;
we have u” = — oo on the frontt; =0
o ——= 0 E  starting with the point § = 1/2k,.

Using the approximate formulas
(1. 31) we obtain the normatl disconti-
nuities on the fronts t=§ and t,=0. However, on the front T=p (§) the results approxi-
mate the normal only for | § — & | > 1.

The proposed asymptotic method can be generalized to a hyperbolic system of equa-
tions with constant coefficients if the roots of the characteristic equation decompose
into a pair of different sign, Let us show that it also occurs in the case of shell theory
equations having sufficiently slowly changing coefficients,

3L 7

~15

(-/7(6)
=5
£=7

b —

Fig, 4

3, Generalization of the method to a hyperbolic system of
equations of axisymmetric and plane strain of shells, On the basis
of Timoshenko-type theory, let us consider the axisymmetric and plane wave strain pro-
cesses of shells of constant thickness 24, Let a &, M coordinate system with Lamé
parameters A = h, B == B (£) be selected on the middle surface of the shell, Let R,
R, denote the radii of curvature of the middle surface, and let us introduce a dimension-
less time by means of the formula T = ic,/h, where ¢ is the time, ¢, the velocity of
shear wave propagation in elasticity theory,

Let us consider strain processes dependent on §, f. Let u, w be dimensionless (divi-
ded by %) displacements in the direction of the coordinate £ and normal to the middle
surface, respectively, 1 the angle of rotation of the normal, /c*2 the shear coefficient,
V' Poisson's ratio, ¢, (&, ) the dimensionless normal pressure, Let us introduce the fol-

lowing notation B=01—v)/2 K=k 3.1)
A vh B2 Ivh2
P=git—p— Pl=gztmmtar (3-2)

Let the primes denote derivatives with respect to § , and dots with respect to T,
Let us take the following modification of equations of a Timoshenko-type theory as
basis: (*)

PRE gy S [v 2 {%ﬂ u— kU 4 Puw’ — 0 (3.3)
V3 VH[5y To5(F) K]y iy — ke =0

*) At the end of the section it will be explained in what sense it is sufficient to take the
simplified system (3, 3) as the initial system,
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Pu —K(¥ + ) = K’ — K wl 4 Pru + u =g,

Depending on the choice of coordinates (3, 3) permits description of axisymmetric or
plane wave processes of shell deformation, In the particular case of a slab Ry = R, =
= oo, P = 0 and, therefore, the first equation determines & separately (symmetric
strain), and the system of the second and third equations determines 1 and W (bending
strain),

In the domain £ > 0 let us investigate discontinuities in the wave solution of the
system (3, 3), constructed under the following side conditions:

a) zero initial conditions are given fort =0
b) for § = O three homogeneous boundary conditions or symmetry conditions are
given, and at infinity the conditions

u( 1—>0, ¥(E V>0, w(E >0, for £ (3.4)
c) the function g, (§, T) is an effect of pressure-wave type whose front is given
by (1.2), where p (&) satisfies conditions (1, 3) with the sole difference that as £ grows
we demand a smooth increase in p’ (&) from the value p’ (0) << k to a value exceed-
ing the quantity 1/k,.

Taking (a) into account, let us take the Laplace transform (1,4) of the system (3.3) by
denoting the transforms of u, ¥, w, qo by U, ¥, W, (Q,.respectively, Now if we
introduce the new functions

vV, = UV B, V, = ¥V B, Vy; = WVE Q= QOVE (3-5)
we obtain the following system of ordinary differential equations
V)" — 3B + (1 — 2v)BA - K2?WV, +P (V' — B)Vg) =0 (3.6)
YV, — Yy 13B + (1 — 2)B, + ks + 3KW, — K (V5 — ByVy) = 0
PV, —BV))— KV, +BV,) —KVy" — (—B:® + B, +P’K™ +
+ BSKTVel = Q
B, =B'/2B, B, =B" /2B (3.7)

Let us consider the construction of the asymptotic solution of the system (3, 6) as
§ — 00, where the original determines the discontinuity of the solution of the original
system (3, 3), We hence assume that the following simplifying conditions are satisfied
in the shell domain under consideration:
1) B 40
2) 1>0% 8°> By | By, h*/3R?, k? [ 3Ry
3) The radii of curvature K;, R, are either constant or slowly changing functions
of E, so that it is sufficient to consider R,, R, as constants in constructing the correcting
elements of the main terms of the asymptotic solution as § — 00, If the estimate
@y >EP'/P, EP"/P?%, P'|P? is introduced this condition is satisfied for 3,<< 1. In the
case 1}, ~ 1 the correcting elements to the principal terms of the asymptotic solution
containing £ have the character of the estimate,

Let us seek the Vi as V=V +Va (=123 (3.8)
where ¥ 1o is the asymptotic general solution of the homogeneous systein (3,6) and V',
is the asymptotic particular solution of the inhomogeneous system (3, 6),
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Direct substitution in the homogeneous system (3, 6) with the mentioned assumptions
taken into account, easily verifies that the functions V;, can be selected in the form

8
Vio= D 4,C;je""  (1=1,2,3) (3.9)
=1
Here A; (8)is in a second approximation (3.10)
_ pr B 3K s 3Kk,
M= — ks — 5, 7‘2——k5+2(1<—1)ks’ Ay = k., 2(K—1)s
A:4 - —')\/1, }\45 - _')\/2, }\46 - —"?\/3 (3.11)

The coefficients A; (s) should satisfy conditions (b), and the C;; are determined in
a first approximation as

Cyy =1, Cy = P, Cy = P | ks
Coo=—P/3, Cp=1, Cqu =K/ (K —1)ks (3.12)
Cig = —k Py (K —1)s, Cpy = 3k K/(K —1)s,  Cg =1

Cl,j+3 = Cljv Cz,J‘+3 = Czja Cs,i+3 = _Caj (f=1273) (3-13)

The coefficients of powers of s having the order of unity in (3, 10), (3, 12) have been
constructed with an error on the order of ©2, and the coefficients having the order P or
P? are roughly approximate for the variables B, R, and R,.However, this fact does not
introduce any essential error because of our assumption P ¢ << 1.

Note 3,1, Let us consider the domain £2> 0. To do this all members of the sum
(3. 9) are needed, If the origin of waves in the domain & > 0as a result of the edge effect
at £ = 0 is considered, then we have 4y= Ads= As=10 from (3, 4), and only the first
three members of the sum (3, 9) which contains coefficients allowing satisfaction of the
three boundary conditions given at §=0 can be taken into account,

Utilizing the idea of the method of variation of constants, let us seek V;, in the form

]
Vi = D D;iCiiJ ; (i=1.2,3) (3.14)
=1
where the J are defined by(1.7),and the D; (S) are the desired coefficients, In differenti-
ating I/'i1 we shall, on the basis of the above-mentioned assumptions consider those ele-
ments Aj, Cij which contain P as constants, and we shall utilize (1. 8).
Substituting ¥V, in the form (3, 14) into (3, 6), and differentiating, we easily see that
in all three equations the coefficients of J; vanish to the same accuracy as the individual
members of the sum (3, 9) satisfy the homogeneous system (3, 6), By equating the coef-
ficients of Q and Q’to zero in all three equations, we obtain a system of equations which
can be reduced to the form
6 8 .
0 for i—1,2
S DiCi=0, 3 DiC,; = {_K_l o0 =t (345)
=1 =1
If we take D, -+ Dy,., Dy — Dy,5 (i = 1,2,3) as the new desired quantities, we
easily establish that

D,=D,, Dy=D,  Dy=D, (3.16)

and we deduce the equations
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CyDy +CyDy +CiyDg= 0 (i=1,2) (3.17)
631;"11)1 *%‘ngkzDz -+ Cssxsps = —1 / 2K

for the evaluation of Dy, Dy, Dy,
Utilizing (3, 10), (3, 12), we easily construct the asymptotic solution of (3, 17) for
§ —» v in the form

_ P . 3K k,
Dy =— kst * Dy = — 2(K—1) k%?? D, = 2Ks (3.18)
On the basis of the above, we have
V.= Cij[4; + D,J;(B)] (i=1,2,3) (3.19)

j=1
Here the [ (E) are determined from (1.7), and the 4; (s) are still arbitrary coeffi-
cients to be evaluated from condition (b), Using this latter in part of {3, 4) we have

A; = —DI () (t=4,5,6) (3.20)
Taking account of (3, 11), (3, 13), this permits rewriting (3, 19) as
3

| AE
V= Ci{l4; + DI (8)] €9 + riD; [ 1543 (8) — T (o0)] €77}
Fe=1
(=1, ra=1, rg=—1) (3-21)
where 4, (s), 4, (), A3(8) are coefficients determined from the conditions at E =0,
Let us examine their evaluation in two cases,
Problem 1, Given the conditions

©u©0,17=0  $©0,v)=0 w(@n1)=0 (3.22)
from which follow the conditions V; (0, s} = 0 allowing for the formation of a system

of three equations in Ay, A;, 4; on the basis of (3.21). The asymptotic solution of
this system as § — oo is the following:

ZPk

Allefs(w)_%Dsls(m)-i‘ Dylg(c0)

X Gk K
AQ:(T(T_]C—;-)-W—Dll,;(OO)‘i‘DEIS(OO)"i‘(K 1)s D316(°°) (3 23)

dy=— 22 DiI (00) — iy Dals (o0} = Dsle ()

Problem 2, Given the symmetry conditions
©“0,1v=0 0,1 =0 w(@wH=0  B0O=0 (324
from which follow the conditions V, (0, s) =0, V, (0, s) =0, V5 (0, s) =0
allowing the formation of a system of three equations on the basis of (3,21) and (1, 8).
with the solution A, = DJ‘I)'J,a (o0) (=123 (3.25)

Furthermore, let I' = 1 for Problem 1,and 7 = 0 for Problem 2, Then, on the basis
of the above, single expanded formulas of the asympiotic transforms of the solutions as
§ —» 00 can be constructed for these problems

U=Poy{—(K —1) [, (0) — 2T, (00) + I, (E)I%:
+ & — 1) [y (o0) — I, (B)le™: 4 K [I5(c0) — 2TT4(o0) -+ I5(E)]e% —
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— KlIj(o0) — Iy (§)le™: — [(1 — 2T)Ig(00) - 15 (E)] €% +
+ [Lo(c0) — I4(E)le>%})

Y =0y —P2(K — 1) U, (00) + 1, (B)leds +P*(K — 1) (I, (00) — (3.26)
— I, (B)le™& — 3K I, (o0) — 2714 (c0) + I,(B)le*E +
+ 3K [ (o)) Iy(B)le™% + 3K (1 — 2T), (00) + I, (E)]e: —
— 3K y(o0) — 15 (B)lens)

W =,{ —P (K — 1)1, (c0) + I, (E)lerE — PAK — 1) 1[I, (o0) —
— I (B)le™% — 3K2(I(00) + Iy(E)lerE — 3K (00) — [(B)] &% +
+ T [2P%(K — 1), (00) + 6K 5(o0)e % ]} + O{[(1 — 2T)I4(00) +
+ Iy(E)Jers - [ (00) — I4(E)le)

0,7 =2(K —1?VBIs, ¢, =2K —1) VBks, 0 =Fk,/2KVBs

For Problem 2 formulas (3, 26) have been obtained on the basis of (3, 5), (3. 12),(3, 18),
(3.21),(3, 25) without any simplification, and for Problem 1, on the basis of (3, 5), (3. 10),
(3.12),(3,18),(3,21),(3,23) with only the factor containing the highest power of s being
retained in each I; (§) and 7; (00) (j = 1, 2, .. ., 6) and with the admission of an error
in the coefficients on the order of P2 It is easy to verify that the transforms (3, 26) satisfy
the boundary conditions and conditions (3, 4) exactly, However, they satisfy (3, 6) in the
asymptotic sense as s — > with an error in the coefficients on the order of 92,

Inversion of the transforms (3, 26) can be performed with different accuracy, However,
we limit ourselves herein to the application of the method proposed in Sect, 1,

Let us introduce the notation s, = ks, Sg =5/ k. (3.27)
Then upon using (3, 10) in a first approximation (3.28)
Mo =MD = =5, Ms=280 ==, A =»14®=—s, k= AP = 85

To the accuracy of (3, 28)
L, = 1,0, I, = 1,0, Iy = 1,0, Ie=1,® (3.29)

where I,0 (8) (j = 1,2; 1 = 1,3) are determined by (1.7) for I; (§) (j = 1,2)
by selecting A" (I = 1,3), respectively in place of A; .

Using (3,27),(3,29), and admitting an error of order P2 in the coefficients, we obtain
the following simplified formulas from (3,26):

U=0U0 U, ¥ =Y0_L¥Y0 W=W L e (3.30)
3K

o _ P 2 owd o 9%
U Sy iy 2(K——1) V—Bs

IF 0=1,3) (3.31)
Fy, =1, (&) 4 I,M (00) — 2T1,® (o0)le™™=+ [I,(V (§) — I,V (o0)le™®
Fy = —[I;® (&) + (1 — 2T),®)(00)]le™®%  — [I,® (&) — I,® (00)le®= (3.32)
wo - _ SK* = 5 {110 (B) + LY (c0)] e —

2(K—12V ]
— 1,7 B) — I, (00)] € — 2T 1,V (o00) e—s'E}
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WO = ——— s (LD (©) + (1 — 21) L (c0)] ™ — (3.33)

" 2KVB .
— [ (8) — I, (00)1 €™}
As in Sect, 1, we assume that Q has the structure of (1. 13), Now if we introduce the

notation P (8) = p (8) /&, ps(8) =p (E)k‘ 3.3%)
then (1.15)—(1, 26) can be used to evaluate the Ij(l) (&) (,=1,2; I =1,3)in(3,22),
(3. 33) by replacing the quantities

Ij’ P }"j’ §j, S, P, b, M,N, G (EJ)
respectively, by quantities
Ij(l)1 (P:i(l), )"J'(I)a gj([)v S1, D1y b([)a AIU), N(1)7 G (gj(l))

For two different values of the superscript  different pairs (j = 1,2) of saddle points
& = & will substantially be applied,

Thus, representing I, (j = 1,2; I = 1,3) in (3. 32), (3. 33) as formulas of type
(1.25), we obtain for expressions for U, ¥, W from (3, 30) which may be inverted by
applying (1,28)—(1, 30) for specifically given n = 2, 3, 4,... The following circum-
stance should hence be kept in mind, Firstly, in conformity with (3, 5), Q= QO]/E
in (1, 13), Secondly, when s is replaced by §; in the left sides of (1,28)~(1, 30), the T
should be replaced on the right side by () where

™ = 1/, T = Tk,
and the factors 1/k and f inserted, respectively,

Note 3,2, There is a factor ;™2 in (3, 30) for ¢, ¥ (] = 1, 3) , hence formulas
(3. 33) for W, W® correspondingly contain the factors s7% and s,~'. Therefore, inde-
pendently of the specific nature of the pressure wave, the discontinuity corresponding to
W is most essential, Let us call this discontinuity provisionally a first order discon-
tinuity, Then U, ¥ (1 = 1, 3) define the second order discontinuities, and W) the
third order discontinuity, Here ", ¥V, W' define the discontinuities in u, P, w on
fronts being propagated with the dimensionless velocity 1/k, and U®), ¥ w® on
fronts being propagated with the dimensionless velocity k,. The discontinuities on the
front v = p () are determined by the total contribution of T, W) W) (; = 1,3)
where the contribution of the components ¢ = 1 will dominate in the neighborhood of
the point £ = §,(, and the contributions of the components { = 3 in the neighborhood
of the point § = E,'¥.

The simplified system (3, 3) was taken as the original system above to shorten the
exposition,

Let us now assume that a more exact system of equations of motion of a Timoshenko-
type theory is derived from the standard equilibrium equations in stress resultants, mo-
ments, and transverse forces by the following means: (a) the stress resultants and moments
are expressed in terms of displacements by using the simplest Novozhilov-Balabukh
elasticity relationships; (b) the transverse force is given as 2hEK (1—+2) 1 (b—uh/
/ Ry +w') , (c) inertial terms are introduced without taking account of the change in
metric in the shell thickness,

It turns out that the asymptotic solution as s — oo of the appropriate Laplace trans-
formed system of equations agrees with (3, 26) in the part of the element W having the
factor s and differs from (8, 26) most substantially only in corrections on the order of
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h/R1, h/R; (as compared with unity) to the coefficients of elements in (3, 26) having a
factor of order s72.

4, Simplified method of construction of the asymptotic solu-
tion of the transformed shell equations, The system (3.6) has specific
properties allowing the construction of its asymptotic solution (3, 30)—(3, 33) as s — oo
by a simpler method than the general method described in the preceding section,

Using the notation (3, 27), we introduce into the considerations a simplified system
(3.6) in the form

Ly = — PVy, LV, = 3KV, KPy, —V," — LV, = — Q* (4.1)
02 i
L=z —s® (1=13), Q*= ——‘% (4.2)

On the basis of (4, 1), an asymptotic solution of (8, 30)—(3, 33) of the original system
(3.6) as s — oo can be constructed for Problems 1 and 2 by means of the following steps,
1) By integrating the equation Ly, — Q* (4.3)

which does not differ substantially from (1, 1), taking account of the condition V; (0, s)=
=0 in the case of Problem 1 or the condition V3'(0, s) = 0 in the case of Problem 2, we
obtain W @VE as solution,
2) By constructing the solution of the first two equations of the system (4, 1), using
their now known right sides and taking account of the boundary conditions ¥, (0, s) = 0,
V, (0, 5) = 0 and the conditions at infinity, we obtain UV B and ¥V B. )
3) By constructing a particular solution of the equation
LV, = K7PV, — V' (4.4)

a formula for W VB with error on the order of P can now be obtained by using the
known ¥, and V,.

The method mentioned remains valid for a broad class of other boundary conditions,
It will also be effective in the investigation of discontinuities taking account of the
influence of the surrounding medium, because only (4, 3) supplemented by a term taking
account of the influence of the medium should be integrated in combination with the
equation of the medium,
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After Tsien [1], Hayes [2] and I1'iushin [3] had established the analogy between hyper-
sonic flow past slender bodies,and unsteady flows in a space with one fewer dimensions,
many researchers sought to establish which steady flow corresponds to the motion of a
gas produced by an intense explosion. The authors of the earliest studies [4~ 8] assumed
that the gas particles in an explosion of a flat or filament charge move in the same way
as in flow near a blunt plate or semi-infinite cylinder at a zero angle of attack relative
to the free stream. The thickness of the streamlined bodies were assumed to be infinjtes-
imal; the bluntness of their leading edges was taken to be the direct analog of the action
of a concentrated force on the ambient medium, The resulting analogy made it possible
to isolate the most salient common features of the two effects, but suffered from one
drawback: the density at the plate and cylinder surfaces turned out to equal zero, and
the entropy to be infinite,

Cheng [9], Sychev [10, 11} and Yakura [12] subsequently developed the notion of a
high-entropy layer whereby the thickness of streamlined bodies increases to infinity down-
stream, while the entropy remains finite over the entire contour, They emphasized that
flow in a high-entropy layer differs from that in the rest of space , and that the use
of the hypothesis of plane cross sections to calculate this layer entails considerable errors,

The results of Sychev [10, 117 and Yakura [12] are thoroughly analyzed below, It is
shown that these results are obtainable directly from the theory of intense explosions as
developed by Sedov {13, 14] and Taylor [15], This possibility means that the analogy
between unsteady flows and hypersonic flow past slender bodies is valid in the first appro-
ximation throughout the domain beyond the front of the bow shock wave, This includes
the domain adjacent to the contour of the body, The contour itself can be determined
simply by choosing an appropriate value of the entropy at the particle trajectory which
generates it; the equation of the trajectory can be found by solving the explosion prob-
lems in Lagrange variables [16],

1, we assume that the motion of the gas is axially symmetric, Our principal conclu-
sions will be equally valid for plane-parallel flows, however, We denote the axes of the
cylindrical coordinate system by z and r, directing the x -axis along the velocity vec-
tor of the unperturbed stream, Following [10—12], we shall consider the inverse problem,
i.e. we shall prescribe the form of the shock wave r = r, (Z), and determine the con-
tour of the streamlined body in the course of solution. Using the explosion analogy to



